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' Abstract. In this paper, we study the regularities of solutions of nonlinear stochas- 

. tic partial differential equations in the framework of Hilbert scales. Then we apply 

our general result to several typical nonlinear SPDEs such as stochastic Burgers and 
Ginzburg-Landau's equations on the real line, stochastic 2D Navier-Stokes equations in 
the whole space and a stochastic tamed 3D Navier-Stokes equation in the whole space, 
and obtain the existence of their respectively smooth solutions. 
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■ 1. Introduction 

Consider the following stochastic Burgers and Ginzburg-Landau equation on the real 
line: 

= ud'^uit, x) + Co ■ dxu(t, xY + ci ■ u{t, x) — C2 ■ u{t, x)'^ dt 

+ Ek^k{t,x,u{t,x))dW^{t), (1-1) 
= Uo{x), X G M, 

where Co,Ci e R and z/, C2 > 0, {W''{t),k G N} is a sequence of independent Brownian 
motions, the coefficients {cxfc, k G N} satisfy some smoothness conditions. Up to now, there 
are many papers devoted to the studies of stochastic Burgers' equation and stochastic 
Ginzburg-Landau's equation (cf. PQ El [ISl El and references therein). In |6J, using heat 
kernel estimates, Gyongy and Nualart proved the existence and uniqueness of L^(R)- 
solution to stochastic Burgers' equation on the real line. By solving an infinite dimensional 
Kolmogorov's equation, Rockner and Sobol [19j developed a new method to solve the 
generalized stochastic Burgers and reaction diffusion equations. More recently, Kim [7] 
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studied the stochastic Burgers type equation with the first order term having polynomial 
growth, as well as the existence of associated invariant measures. 

Since all of these works are concerned with stochastic Burgers equation driven by space- 
time white noises, they had to consider weak or mild solutions rather than strong or 
classical solutions. A natural question is that: does there exist smooth solution or classical 
solution in x to the equation (11. ip if all the datas are smooth? Of course, for this question, 
we can only consider the equation (11.11) driven by time white and space correlated noises. 
We remark that for the deterministic Burgers equation, i.e., = ci = C2 = and 
Co = 1, z/ > 0, it is well known that there exists a unique smooth solution if the initial 
data is smooth (cf. [8]). 

Let us also consider the following stochastic 2D Navier-Stokes equation in R^: 



where z/ is the viscosity constant, u(t,x) = (ui,M2) is the velocity field, p is the pressure 
function, and / = (/i,/2) is the white in time and additive stochastic forcing. In [16], 
Mikulevicius and Rozovskii studied the existence of martingale solutions for any dimen- 
sional stochastic Navier-Stokes equations in the whole space. In particular, they obtained 
the existence of a unique weak solution for the above two dimensional equation. In the 
periodic boundary case, using Galerkin's approximation and Fourier's transformation, 
Mattingly [15] proved the spatial analyticity for the solution to the above stochastically 
forced 2D Navier-Stokes equation. However, using his method, it seems to be hard to 
consider the multiplicative noise force. 

As for the stochastic 3D Navier-Stokes equation, Rockner and the author [201 EI] re- 
cently studied the following tamed or modified scheme in the whole space or periodic 
boundary case: 



where the taming function '■ 1R+ ^ M+ is smooth and satisfies that 

gN{i^) = on r ^ N and gN{r) = (r — N)/v on r ^ N + 2. 

In [5T], we proved the existence of a unique strong solution and the ergodicity of asso- 
ciated invariant measure in the case of periodic boundary conditions. For the existence, 
the method is mainly based on the Galerkin approximation, and the smooth solution of 
Eq. (11.31) is not obtained. 

Our main purpose in this paper is to present a unified settings for proving the existence 
of smooth solutions to the above three typical nonlinear stochastic partial differential 
equations. That is, we shall consider an abstract semilinear stochastic evolution equation 
in the scope of Hilbert scales determined by a sectorial operator. Here, the analytic 
semigroup generated by the sectorial operator plays a mollifying role, and will be used 
to construct an approximating sequence of regularized stochastic ordinary differential 
equations in Hilbert spaces. After obtaining some uniform estimates of the approximating 
solutions in the spaces of Hilbert scale, we can prove that the solutions of approximating 
equations strongly converge to a smooth solution. Our approach is much inspired by the 
energy method used in the deterministic case (cf. [E]), and is different from Galerkin's 
approximation and semigroup methods which were extensively used in the well known 
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studies of stochastic partial differential equations(abbrev. SPDEs) (cf. [TT|, H], etc.). 
We remark that the regularity of solution will be decreasing when we use the semigroup 
method to deal with SPDEs (cf. |2j Sections 5,8]). The main advantage of our method is 
that we can obtain better regularities unlike the semigroup method. 

In |26|, using the semigroup method and nonlinear interpolations, we have already 
proved the existence of smooth solutions to a large class of semilinear SPDEs when the 
coefficients are smooth and have all bounded derivatives. However, the result in [26] 
can not be applied to the above mentioned equations. It should be emphasized that 
the existence of smooth solutions for nonlinear partial differential equations, fox exam- 
ple, Navier-Stokes equations, usually depends on the spatial dimension. Thus, it is not 
expected to use our general result (see Theorem 12.21 below) to treat high dimensional non- 
linear SPDEs for obtaining smooth solutions. Nevertheless, we may still apply our general 
result to achieving the existence of strong solutions for a class of semilinear SPDEs with 
Lipschitz nonlinear coefficients in Euclidean space (cf. [HI [TOl [16] ) . We also want to say 
that although our main attention concentrates on the above three types nonlinear SPDEs, 
our result can also be applied to dealing with the stochastic Kuramoto-Sivashinsky equa- 
tion and stochastic Cahn-Hilliard equation (cf. [2^^), as well as the stochastic partial 
differential equation in the abstract Wiener space (cf. [25]), which are not discussed here. 

This paper is organized as follows: in Section 2, we shall give the general framework 
and state our main result. In Section 3, we devote to the proof of our main result. In 
Section 4, we investigate a class of semilinear SPDEs in the whole space and in bounded 
smooth domains of Euclidean space, and obtain the existence of unique strong solutions. 
In Section 5, we study stochastic Burgers and Ginzburg-Landau's equations on the real 
line, and get the existence of smooth solutions. In Section 6, we prove the existence of 
smooth solutions to stochastic tamed 3D Navier-Stokes equations. In Section 7, stochastic 
2D Navier-Stokes equation in the whole space and with multiplicative noise is considered. 

Convention: The letter C with or without subscripts will denote a positive constant, 
which is unimportant and may change from one line to another line. 

2. General Settings and Main Result 

Let (H, II • lie) be a separable Hilbert space, C a symmetric and non-positive sectorial 
operator in H that generates a symmetric analytic semigroup (^)e>o in H (cf. [H]). For 
a ^ 0, we define the Sobolev space by 

:= ^((/ - cy^^) 

together with the norm 

The inner product in is denoted by (■, ■)^. The dual space of EI° is denoted by HI~" 
with the norm 

I|m||_,:= \\{i-c)-^'\\u. 

Then (H")^gK forms a Hilbert scale (cf. [HIES]), i.e.: 

(i) for any a < /5, C M°; 

(ii) for any a < 7 < /5 and u G H^, 

/3 — 7 7 — 0: 

\\u\\.^ ^C\\u\\^ -WnWY^ . (2.1) 
Set := n^eNH'". Then (cf. [18]) 
Proposition 2.1. For all integer m G Z, we have 
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(i) M°° is dense in , and for every e > and u G , %u G H°°; 

(ii) for every e > and u G H™' 

(Hi) for every e > and u G , k = 1,2, ■ ■ ■ 
(iv) for every e > and u G , = 0, 1, 2, ■ ■ ■ 

WT II ^ C'mA; 1 1 1 1 

II II m+fc ^ gA;/2 ll^ll™' 

Let P be the usual Hilbert space of square summable sequences of real numbers. Let 
{Ttjt'^Q,'^) be a complete filtration probability space. A family of independent one 
dimensional jF^-adapted Brownian motions {W^{t);t ^ 0, A; = 1, 2, ■ ■ ■ } on (f2,jF, P) are 
given. Then {W{t),t ^ 0} can be regarded as a cylindrical Brownian motion in (cf. 
i4j). 

Consider the following type stochastic evolution equation 

du{t) = [Cu{t) + F{t, u{t))]dt + Bk{t, u{t))dW^{t), u{0) = uq, (2.2) 

k 

where the stochastic integral is understood as Ito's integral, and for some G N the 
coefficients 

F{t, uj,u): M+ X ^] X ^ r\ 
B{t,uj,u): M+ X X e° ^H°®/2 

are two measurable functions, and for every t ^ and u G H^, 

F{t, -, u) G j;/^(e-i), B{t, ■,u)e TtjSSi^^ ® P). 

We also require that F{t,uj,u) G If for u G EI^+^ and Bk{t,uj,u) G H" for any m G N 
and u G H^+i. 

We make the following assumptions on F and B: 

(HIat) There exist qi,q2 ^ 1 and constants Aq, Ai, A2, A3, A4 > such that for all (t, u) G 

R+ X n and u,v eM^ 

\\F{t,u;,u)-F{t,u,v)\\_i ^ x^^\\u\\% + \\v\\% + 1) ■ \\u - v\\o, (2.3) 
J2\\Bkit,io,u)- Bkit,uj,v)\\l ^ Xi\\u-v\\l, (2.4) 

k 

and for u G H^+^ 

{u,F{t,u,u)), ^ ^||n||? + A2(||u||^ + l), (2.5) 

\\F{t,u,u)\\o ^ Asdlwlliv+i + lkll^ + l), (2.6) 

J]||5,(t,u;,«)||g ^ A4(||«||^ + l). (2.7) 

k 

(H2^) For some integer Af ^ N, and each m = 1, ■ ■ ■ , A/", any S G (0, 1), there exist 
c^m, Pm ^ 1 and constants Aim, A2m > such that for all u G H°° and (t,uj) G 

{u,F{t,u,u))^ = {iI-Cr+^u,{I-Cr^F{t,uj,u)), 

^ ^lkll^+i + Ai™(lk||°-i + l), (2.8) 
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J2\\Bk{t,u;,u)\\l ^ S\\u\\l^, + XUMt-i + l)- (2.9) 

k 

Our main result is that 

Theorem 2.2. Under (HIn) o-nd fH2_vj with M ^ N ^ \, for any uq G H-^, there exists 
a unique process u{t) G H-^ such that 

(i) The process t ^ u(t) G EI° is J-'t-adapted and continuous, and for any T > and 
p^2 

i-T 

|2 



e( sup \Hs)rA + f 

\se[o,T] J Jo 



¥.\\u{s)\\j^^^ds < +00. 

(a) u{t) satisfies the following equation in H°; for allt^Q 

u{t)=uo+ [ [Cu{s) + F{s,u{s))]ds + y2 [ Bk{s,u{s))dW\s), F-a.s.. 
Jo ^ Jo 

Remark 2.3. By \2. 0\) . \2. ?] ) and (i), one knows that all the integrals appearing in (ii) 
are well defined. Moreover, if for some C > 0, p ^ 1 and any u G 

||i^(s,M)||Ar-i^C(||^i|U+i + ||M||^ + l), 

then we can find an M/^ -valued continuous version of u (cf. [22j^. 

Remark 2.4. The solution u{t) also satisfies the following integral equation written in 
terms of the semigroup %: 



u 



Jo u Jo 



Using this representation, we can further prove the Holder continuity of u{t) in t (cf. 



3. Proof of Main Theorem 

3.1. Regularized Stochastic Differential Equations. For any m = 0, ■ ■ ■ ,A/^, let us 
consider the following regularized stochastic differential equation in H™: 

du'it) = A'{t, u'{t))dt + J2 Bin, u'{t))dW^{t), M^(0) = Mo, (3.1) 

k 

where the regularized operators are given by: 

A'{t,uj,u) := rX%u + %F{t,uj,%u) 
Bl.{t,uj,u) := ZBk{t,uj,Zu). 

The following two lemmas are direct from (HIat) and (H2_^^). We omit the proof. 

Lemma 3.1. There exists a constant C > such that for any e > and all {t,uj) G 
M+ X 1], M G H° 

{u,A'{t,u;,u)), ^ -^\\Zu\\l + C{\\u\\l + l), 



J2\mt,u;,u)\\l ^ Ci\\u\\l + 1). 



Lemma 3.2. For any m = 1, ■ ■ ■ , A/" and 5 G (0, 1), there exist two constants Cm, Cm,5 > 
such that for any e > and all {t, uj) G M_(_ x Q and u G , we have 

Y,\\Bl{t,UJ,u)\\l ^ 5\\%ufm+l + Cm AMt^l + ^\ 
k 

where am and [3m are same as in (ii2j^^). 
We also have 

Lemma 3.3. For any m = 0, ■ ■ ■ ,^/, the functions and 5^ are locally Lipschitz 
continuous in with respect to u. More precisely, for any R > there are Cr^^, C'^ ^ > 
such that for any {t,uj) G M+ x Q andu,v G H™ with \\u\\m, \\v\\m ^ R 

\\A'{t,UJ,u) - A^{t,UJ,v)\\m ^ CR,,\\U-V\\m 



Y,\\Bl{t,u;,u)-Bl{t,u;,v)\\l ^ C'^Ju-v\ 



2 



Proof. By (iv) of Proposition 12. ![ we have 

\\T,C{Zu) - T,C{Zv)\\m = W^'^e^iu - V)\\m ^ C,\\u - v\\m, 

and by (HItv) 

WXFit, %u) - ZF{t, %v) Wl + Y, W^Mt, %u) - %Bu{t, %v)\\l 



^ c,\\F{t, zu) - Fit, zv) \w + aYl ^^") - 



The proof is complete. □ 

We now prove the following key estimate about the solution of regularized stochastic 
differential equation (13. ip . 

Theorem 3.4. For any uq G H-^, there exists a unique continuous J-'t-adapted solution 
to Eq. ^3. 1\) in H-^ such that for any p ^ 1 and T > 

sup E I sup I + sup / E\\Zu'{s)fj^^^ds ^Cp,T. (3.2) 

ee(0,l) yelO.T] J eG(0,l) Jo 

Proof. First of all, by Lemma 13.31 there exists a unique continuous jF^-adapted local 
solution u'^{t) in H"* for any m = 0, ■ ■ ■ , A/". We now use induction method to prove that 

, , ( u'^{t) is non-explosive in and for any p^ 1 and T > 
^^"^^ ■ \ sup,,(o,i) E (sup,,[o,T] W^m^X) ^ Cm,r>,T. 

By the standard stopping times technique, it suffices to prove the estimate in (<^^m)- 
In the following, we fix T > 0. By Ito's formula, we have for any p ^ 1 

= hofi + Imlit) + Im2it) + Imzit) + 1^4^, (3.3) 

where 

Ina{t) := 2p f\\u\s)r^^~'\u\s),A\u\s)))^As 
Jo 
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k=l 



oo „t 

Im^{t) '■= 

k=l 

Let us first look at the case of m = 0. By Lemma [3. II and Young's inequality, we have 

/oi(t) + /osW + /o4(t) ^ Cp [\\\u'{s)\\l^ + l)ds. (3.4) 

Jo 

Taking expectations for ( 13. 3p gives that 

EWu^ml^^WnoWl' + C, [\E\\u^{s)\\l^ + l)ds. 

Jo 



\u'is)rjf'-'^\m{s,u^{smids 



CO „t 



By Gronwall's inequality, we obtain for any 1 

10 ^ ^p.TdpO-Ollo' 

On the other hand, by BDG's inequality and Lemma [3. we have 



sup nu\t)\\f ^C,,t{\\uo\\1' + 1). 

te[o,T] 



(3.5) 



E I sup |/o2(s)| I ^ CpE 

se[o,T] 



us 



C-'\\{u\s),B^{sM{s))),\\lds\ 



1/2 



^ CpE 



|4p-2 



«<WI|* + i)ds 



Ella. 



1/2 



ds 



1/2 



1/2 



^ C,A\\uot + ^)- 

Thus, from f l3.3p -( l375l) . one knows that {^o) holds. 

Suppose now that (^^-i) holds. By Lemma IX^ and Young's inequality, we have 



I^iit) ^ p -|k^(s)||^^-^)||TX(. 



Im+l 



+c.ik^(^)ii^^-^^-(ii«^(^)iir_i + i) 



ds 



^ -P \\u\s)\\l^-^'^\%u\s)\\l^,ds + Cr,^J \\U\ 



(3.6) 



and for any 5 G (0, 1) 

Im^{t)+lUt) ^ p{2p - I) f \\U\S)\\1^-'^ ■ 

Jo 
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^ p{2p~l)6 [\\u^{s)rjf-''>\\%u^{s)\\l^,ds 
Jo 

+Cm,J \\u^{s)rj:ds+c^,J {\\u^{s)rj.- + i)ds. (3.7) 

Jo Jo 
Choosing 6 = 2{2p-i) taking expectations for (13.31) gives that 

^ horj:+c^,p f E\\u%s)rj:ds + c^,, fE{\\u%sw:;:_, + i)ds, 

Jo Jo 

where Prn ■ = P ■ {amy (3m)- 

By Gronwall's inequahty again and (^m-i), we get for any p ^ 1 

sup nu%tWr^+ rE(||«^(s)||^P-l)l|r,«^(s)||^+l)ds ^ Cm,p,T. (3.8) 

te[o,r] Jo ^ ' 

Furthermore, by BDG's inequahty and (13. Sp . we have 




which together with (13. 3p and (I3.6p - (I3.8I) yields (^m)- The proof is complete. □ 
3.2. Convergence of u^{t). 

Lemma 3.5. For any R > 0, there exists a constant Cr > such that for any < e' < 
e < 1, {t, u) eR+ X Q and u,v e 11^+^ with \\u\\n, \\v\\n ^ R 

{u-v,A^{t,uj,u) - A''{t,uj,v))Q ^ Cr- ^/e■ {1 + \\%>v\\n+i) + Cr- \\u-v\\l, 

J2\\Bl{t,uj,u)-Bi{t,u;,v)\\l ^ CR-V~e-{l+\\%>v\\l) + CR-\\u-v\\l. 

k 
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Proof. We only prove the first estimate. The second one is similar. 
Above of all, by (ii) and (iii) of Proposition 12.11 we have 

{U - V, %C{%U) - %iC{%:V))q 

^ -\\Z{u - v)\\l + \\Z{u - v)\\l + Cr ■ ||(T2, - T2,,)v\ 
K -\\%{u - v)\\l + C\\u -vWl + Cn-yT^- \\Z,vh. 
Secondly, we decompose the term involving F in A"^ as: 

{u - V, ZF{t, Zu) - T,,F{t, Z'v))o 
= {Ziu-v),F{t,Zu)-F{t,Z'v)), 

+ {iZ-Z')iu-v),F{t,Z'v))o 
= : h + h. 

By (12.31) and (iii) of Proposition 12.11 we have for Ji 

h < \\\Z{u-v)\\l+\\F{t,Zu)-F{t,Z'v)\\\ 
^ ^\\Z{u-v)\\l + CR-\\Zn-Z'v\\l 
^ ^\\Ziu-v)\\l + Cn-V~e + Cn-\\u-v\\l 

and for I2, by ^Bl 

h ^ UZ-Z'){u~v)\\o-\\F{tX'v)h 
^ CR-^/~e-{\\Z'v\\N+i + l)- 
Combining the above calculations yields the first one. 

We now prove that 

Lemma 3.6. For any T > 0, we have 

lim E I sup \\u'{t) - u''{t)\\l I = 0. 

e.e'iO yte[0,T] J 

Proof. For any R> and 1 > e > e' > 0, define the stopping time 

t'/ := inf{t > : \\u'{t)\\N A ||M''(t)||7V ^ R}- 
Then, by Theorem 13.41 we have 



E sup,,[o.T](lk^WII^A||w^(t)||^) 

nrk' <T)^ — ^ ^ 

Set 

v{t) := u\t) -u'\t). 

By Ito's formula, we have 

\\vmi = Jiit) + ut) + ut). 

where 

Jiit) := 2 f\v{s),A^{s,u^{s))-A^\s,u^\s)))As 



T 



k -^0 



By Lemma [3.51 we have 



^ CR-V~e-[l + J^ \\r,u'{s)\\l^,dsj+CRj^ Ms)\\lds 

^ Cn-Ve- (^1 + £ WZm^'ml^.ds^ + Cr j\\v{s A T'/)\\lds. (3.12) 

Hence, by Theorem 13.41 and taking expectations for (13. lip , we obtain 

nHtAr'/)\\l^CR,T-V~e + CR [ E\\v{sArf)\\lds. 

Jo 

By Gronwall's inequahty, we get 

sup E\\v{tAT'/)\\l^CR^T-V~e. (3.13) 
te[o,T] 

On the other hand, setting 

B{s, e, e') := \\Bl{s, u^{s)) - 3^3, u^'isMl 

k 

by BDG's inequahty and Young's inequahty, we have 
e( sup IMs) 

\se[0,TAT'/] 

^ CeU^ Ms)\\lB{s,e,e')ds\ 

^ sup ||t;(s)||g I +Ce( [ B{s,e,e')ds 

Thus, by (I3.1ip - (l3.13p and Lemma 1331 we obtain 

e( sup \\v{s)\\l] i^CR,T-V~e. 
Therefore, by Theorem 13.41 and (I3.10p we get 

e( sup \\vis)\\l 

= E sup \\v{s)\\l-l ) + E\ sup ||f(s)||o-l. .,.' , 

\selo,T] \se[o,T] 
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1/2 






Ef sup Hs)\A 




< T)_ 




\se[o,Tl J _ 







1/2 



^ E sup \\v{s 

Lastly, letting e | and R ^ oo, yield the desired limit. 
Proof of Theorem \2.2: 

First of all, by Lemma [Ml there is a m(-) G L'^{n, P; C([0, T]; HO)) such that 

limE I sup I =0, 



□ 



, se[o,T] 



(3.14) 



which together with Theorem 13.41 yields that for any p ^ 1 



E \ sup 

t6[0,T] 



Jo 



We now show that u{t) satisfies (ii) of Theorem 12.21 It suffices to prove that for any 



{v,u{t))^ = {v,Uo)o+ / {v,Cu{s))Qds+ / {v,F{s,u{s)))Qds 

Jo Jo 

+ {v,Bk{s,u{s)))^dW\s), F-a.s.. 

u Jo 



Note that 



{v,Uo)q+ / {v,%C%u%s))Qds + I {v,XF{s,%u%s)))Qds 
Jo Jo 

+ [ {v,ZBk{s,Zu%s))),dW''{s), F-a.s.. 

We only prove that the third term in the right hand side converges to the corresponding 
term, that is, as e | 



u%s))-F{s,u{s))),\ds "^'-^^^ 0. 



V{t,e) := [ \{v,%F{s,% 
Jo 

For any R> 0, define the stopping time 

:= inf{t > : \\u'{t)\\jv A ^ R}. 

Thus, 

V{t, e) = V{t, e) ■ + V{t, e) ■ 

For the first term of fl3.16p . we have by (HIat) 

E(P(t,e)-l|..^i}) ^E(P(tAr^,e)) ^ 



(3.15) 



(3.16) 



^ E 



-E 



\{%v,F{s,%u^{s)) - F{s,u{s))),\ds 
\{Xv -v,F{s,u{s)))Q\ds 



^ ||Tet;||i-E 



\\Fis,%u'is))-Fis,uism^^ds 
11 



+ \\T,v -v\\i-¥.yj ||F(s,M(s))||_ids 
^ Cr-\\v\\i- ! E||r,M^(s)-M(s)||ods + C^,T-e- ll^lla- 

^0 

For the second term of fl3.16p . as above it is easy to see by (12 .Gp and Theorem 13.41 that 

E(P(t, e) ■ <i}) < Ct ■ P(r^ < t)'/^ ^ Ct/R. 
Therefore, first letting e | and then i? ^ oo for fl3.16p gives that 

limEP(t,e) = 0. 

The uniqueness follows from similar calculations as in proving Lemma 13.61 The proof is 
thus complete. 

Remark 3.7. By ( S.l^ ) and Theorem 3^, using the interpolation inequality ^2. 1\) and 
Holder's inequality, we in fact have for any < a < A/" 

limE f sup \\u\s) -u{s)\\l\ =Q. 
\se[o,T] j 

4. Strong Solutions of Semilinear SPDEs in Euclidean space 
Consider the following Cauchy problem of SPDE in W^: 

du{t,x) = Au{t,x) + Y,t=idxJi(t,uj,x,u{t,x)) + g(t,uj,x,u(t,x)) dt 

+ Efc (^kit, u, X, u{t, x))dW''{t), 
u{0,x) = uo{x), 

where A := Yli=i^xi the Laplace operator, and the other coefficients are respectively 
measurable with respect to their variables: 

g ■.R+xnxR'^ ^R, 
(T : M+ X 1] X ^ /2. 

We impose the following conditions on /, g and a: 

(Al) For each x G M'^, 2; G M and t ^ 0, f{t,-,x,z),g(t,-,x,z) and a(t,-,x,z) are J-'t- 
measurable. 

(A2) There exist Ki,K2> and ho, hi G L^(R) such that for all (t, cu) G M+ x fi, x G M'^ 
and z eR 

\\dj{t,uj,x,z)\\jsid + \d^g{t,uj,x,z)\ + \\d;,a{t,uj, x, z)\\i2 ^ ki, 
and for j = 0, 1 

\\^if{t,^,x,z)\\^d + \Vig{t,uj,x,z)\ + \\Via{t,uj,x,z)\\i2 ^ K2\z\ + hj{x), 

where V^^ = {dx^, ■ ■ ■ , dxj is the gradient operator. 
For m e No := {0} U N, let W^(]R'^) be the usual Sobolev space in R'^, i.e., the 
completion of the space C^(]R'^) of smooth functions with compact supports with respect 
to the norm 

1/2 

\u\\m ■■= { I \uix)\''dx+ I |V™M(x)|"da; ' 

12 



We will set H"' := W^(M'^) and £ := A, and define 



F{t,uj,u) := '^d^J^{t,uj,-,u{-)) + g{t,uj,-,u{-)), (4.1) 



i=l 



Bk{t,uj,u) := ak{t,uj,-,u{-)), /c G N. (4.2) 

In the following, for the simplicity of notations, the variables t and u in F and B will be 
hidden. 

Lemma 4.1. Assume (Al) and (A2). Then F and B defined by ( [^.i[ ) and satisfy 
(Hli) and (H2i). 

Proof. Notice that (/ — A)^^^^:. and (/ — A)~5 are bounded linear operators from L'^(M.^) 
to L2(M'^). It is clear by (A2) that for any u,v elf 

iii^M-wir-i+Eii^^H-^'^(^)iio ^ c\\u-v\\i 

k 

\\F{u)\\l + J2\\M^)\\l ^ C{\\u\\l + 1), 

k 

and by integration by parts formula and Young's inequality 



1 



{n^m), ^ ^^\\u\\l + C\\f{-M-))\\l + CU 

< ^lh^ll? + c(||^||^ + i). 

Hence, (Hli) holds. 
For (H2i), we have 

{u,Fiu)), ^ \\\u\\l + C\\Fiu)\\l^\\\u\\l + C{\\u\\j + l)^ 

< + C{\\uh ■ \\u\\o + 1) ^ ^\\u\\l + C{\\u\\l + 1), 

and by (A2) 

J2 \\Bk{u)\\l ^ C{\\u\\l + 1) ^ 6\\u\\l + C,(||n||^ + 1). 

k 

The proof is complete. □ 

By Lemma [4.11 and Theorem 12.21 we obtain the following result: 

Theorem 4.2. Assume (Al) and (A2). For any uq G M.^ , there exists a unique M.^ -valued 
continuous and Tt- adapted process u{t) such that for any T > and p ^ 1 



10 



Ef sup \\u{s)rA + 

\sG[0,T] J Jo 



E||M(s)||2ds < +00, 
and the following equation holds in EP : for all t 

u{t,-) = Mo(-)+/ ^u{s,-) + y29xjiis,-,u{s,-)) + g{s,-,u{s,-)) 

^ i=l 
13 



ds 



I, Jo 



Remark 4.3. This result is not new (of. \)3\), however, our general result can be used 
to treat the initial-boundary values problem as follows. 

We now turn to the initial-boundary values problem. Let O he a bounded smooth 
domain in M."^. Consider the following SPDE with Dirichlet boundary conditions: 

du{t,x) = Au{t,x) +J2i=idxJiit,uj,x,u{t,x)) + g{t,uj,x,u{t,x)) dt 

+ Ek (Tk{t,i^,x,u{t,x))dW''{t), 
u{t,x) = 0, G M+ X do, 

u{0,x) = Uo{x). 

For m e No, let W^(C) and W^' {O) be the usual Soblev spaces on O, which are 
the respective completions of smooth functions spaces C°°{0) and C^((9)(with compact 
supports in O) with respect to the norm: 



-2 ■■= f|]^|VV(x)pdx^ 



0=0 

Set £ := A and ^(£) := W|(0) H Wl'^{0). Then (£, ^) forms a sectorial operator in 
L^(C)(cf. [H]), and we have the corresponding H™. We remark that = W^'^IO) and 
(/ — C)~^^'^dx^ and d^X^ — C)"^/"^ are bounded linear operators in LF'iO). 

We assume that: 

(Al') For each x E z E M. and t ^ 0, f(t,-,x,z),g(t,-,x,z) and a(t,-,x,z) are jFj- 
measurable. 

(A2') There exist ki, K2 > and Hq, hi e L'^{0) such that for all {t,uj) G IR+ x fi, x G O 
and 2; G M 

||9^/(t,a;,a;, z)||Kd + |5^fif(t, tu, x, z)| + cj, x, 2:) ||/2 ^ ki, 

and for j = 0, 1 

l|Vi./(t,^,x,2;)||Kd + \Vig{t,uj,x,z)\ + ||VXt,u;,x,z)||p ^ k2|z| + hj{x), 

(A3') One of the following conditions holds: 

cr(t, uo, X, 0) = or cr(t, cj, x, 2;) = for any x G dO . 

Remark 4.4. Notice the following characterization ofWl'^{0)(cf. 

M G W2'°(C) and on/y if u e W^(C) anc? m(x) = for almost all x G dO. 

Thus, (A2') and (A3') imply that ifuEM.^, then crfc(t, cu, ■, n(-)) G H-'^. 

Basing on the similar calculations as above, we have 

Theorem 4.5. Assume fAl')-(A3'). For any uq G H-'^, the same conclusions as in 
Theorem \4.2\ hold. Moreover, u{t,x) = for almost all x G dO and any t ^ 0. 

14 



5. Stochastic Burgers and Ginzburg-Landau's equations on the real line 

In this section, we consider the following generalized stochastic Burgers and Ginzburg- 
Landau equation on the real line R: 

du{t,x) = [dlu{t, x) + dxf{t,uj,u{t, x)) + g{t,uj, x,u{t, x))]dt 

+ ^ ak{t, iu, X, u{t, x))dW''{t), 

k 

where the coefficients f,g and crk,k G N are measurable with respect to their variables, 
and satisfy the following assumptions: 

(Bl) For each t ^ and x,z E M, f{t,-,z),g(t,-,x,z) and ak(t,-,x,z),k G N are J^r 
measurable. 

(B2) For every {t,uj) e R+ x Q, f{t,uj, ■) G C°°(M), and for each m G N, there exist a 
Qm^ and k(^> such that for all {t, u;, G IR+ x i7 x M 

\dTfit,CO,z)\^KU\z\'^- + l), 

where gi < 2. 

(B3) For every {t,u) G M+ x Q, g{t,uj,-,-) G C°°(M^), and for each n G Nq and m G N, 
there exist InmJn ^ 1, i^nmi'^n > ^-iid G L^(M) such that for all {t^u^x^z) G 
M+ X X M X M 

\d:dTg{t,u:,x,z)\ ^ + 
\d:g{t,u,x,z)\ ^ Ki-\zf- + hi{x) 
where 1 ^ /i < 7, and for some /t^ > 

dzg{t, uj, X, z) ^ K^. 

(B4) For every {t,u) G M+ x ^] and A; G N, akit.oj, -, ■) G C"^(R2), and for each n G Nq 
and m G N, there exist Pnm ^ 0,p„ ^ 1, kJJ^, > and h'^ G L-'^(R) such that for 
all (t, X, z) G IR+ X X M X M 

k 

k 

where poi = and 1 ^ pi < 5. 

Remark 5.1. The condition dzg{t,uj,x, z) ^ k,^ implies that 

z ■ g{t, uj, X, z) ^ ■ z^ — g{t, to, x, 0) ■ \z\, ^z G M. 

In particular, f{z) = z^ and g{z) = z — satisfy fB2) and fB3). 

Let W™(]R) be the usual Sobolev spaces on R. We need the following Gagliardo- 
Nirenberg inequality: for any p G [2, +oo], m G N and u G W^(M) (cf. p. 24, Theorem 
9.3]) 

p—2 2mp-p+2 

Mlv ^C\\u\\'r^'\\u\\^''-' ^C\\U\\^. (5.1) 

In the following, we take = W^(M) and C = dl, and define for u G ^^(R) 

F{t,uj,u) := (9^/(t,^,M(-)) + -,«(■)), (5.2) 

Bk{t,uj,u) := (Tk{t,uj,-,u{-)), keN. (5.3) 
As in the previous section, we hide the variables t and u without confusions. We have 
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Lemma 5.2. Assume (B1)-(B4), then F and B defined by / I5.^) and Ii5. 3\} satisfy (Hli). 

Proof. Noting that {I — d^^^dx and (/ — are bounded linear operators from L^(]R) 

to L^(M) and the following elementary formula 

(f){u) — (f){v) = {u — v) / (j)'{s{u — v) + f )ds, (5.4) 



by (B2) and (B3) we have for any u, f G 

\\F{u) - F{v)\U ^ C\\f{u{.)) - f{v{-))h + M-M-)) - 9{;v{-))h 
^ CiWufll''' + \\vfll''' + l)-\\u-vh 
< CiMf""'"' + \\v\\f + I)- \\u~v\\o. 
It is obvious by (B4) with poi = and (15.41) that 

Y,\\Bk{u)-Bk{v)\\l<:2Kl, 



\u — v\ 



Moreover, by integration by parts formula we have for u eM^ 

u{x)dxf{u{-))<lx = - dxu{x)f{u{x))dx 



- I dx{ I " /(r)dr 1 da; = 0. 



By Remark 15. H we have 

u{x)g{x, u{x))dx ^ C(||ii||o + !)• 



Hence 

{u,F{u)),^C{\\u\\l + l). 
On the other hand, as above it is easy to see that for some p > 1 

\\F{u)\\o ^ Ch||i^^(||n||i + l) + C||«||i«-^(h||o + l) 
< C{\\u\\l + 1) 

and 

J2\\M^)\\l^c{\\u\\l + i). 

k 

The proof is complete. □ 

For verifying (H2_^^), we need the following elementary differential formula, which can 
be proved by induction method. 

Lemma 5.3. Let (p E C°°{M?). For m ^ 3 and u E M^, we have 

a™0(-,M) = (9,0)(-,n)9> + m[(920)(.,n)9,n + (9A0)(-,u)]-9r'w 

+a(5rv-- - ,5.«) + (5r0)(-,«), 

where a is a multi-function and has at most polynomial growth with respect to its variables. 
Lemma 5.4. For any m eN and u E , we have 

(9>,9r<7(-,«))o + 115^/(^)11^ ^ ^ikii^+i + c'(ii«ii^_i + 1). 
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Proof. For m = 1, we have by (B3) and (15.11) 

{d^u,d^g{-,u))Q = {d^u,{d^g){x,u))Q+ {d^,u,{dug){x,u)d^u)Q 

^ \\d,u\\o-{Kl-\\\4^\\o+\\hl\\o)+KS-\\dM\ 

^ Ci\\u\\l+1) + Kl-\\U\\,-\\U\\%,^ 

l l+l 
4 



and by (B2) 



^ C- (||n||2- ||^i||o + l)+C||M||2 



\\dj{u)\\l ^ (4)2- / {\u\^^ + If ■ IdM'dx 

Jr 



\u 



3ii+5 
I 4 



2gi 



^ C\\u 



+ C ■ \\u\\2 ■ \\u\\o. 



Since li < 7 and qi < 2, by Young's inequality we get for some ai > 1 
{d,u, d,g{u)), + \\dj{u)\\l ^ \\\u\\l + C{\\ur,^ + 1). 



For m = 2, noticing that 
we have by (B3) and (15.11) 



{dug){x,u)dlu + {dlg){x,u){d^uf 
+2{d^dug)ix,u)d^u + {dlg){x,u), 



Udlg){;u){d^uno 



+2\\{dAg){-,u)dMo + Udlg){;u)\\o 



2 ■ 



I '02 



+ i)\\dM\l^ 



+2f^'i,{\\u\\% + l)\\dM\o + 4\H\%i, + \\h'2\\o 



^ ■ \\u\\r, + Il-Ul 



2 ■ 



C{\\u\\['' + l)\\uh-\\u\\'i 



^ C||?i||3||^i||i[l + C(||n||'f + 1)- \\u\\l 
+ + 1), 



and by (B2) 



WJiuWo < 2 \{dJ){u)d'^u\'dx + 2 \{d^f){u){d^u)rdx 



^ cihrj^^ + 1) ■ 115,^^11^ + c{\\u\\iL + 1) ■ \\dM\h 

< C(||w||f + 1) ■ ll^lls + Cdl^llf + 1) • \\u 



1 1/2 



Hence, for some 0:2 > 1 

{dlu,dlg{;u)), + \\dlf{u)\\l ^\\\u\\l + C{\\u\\r + 1). 
The higher derivatives can be estimated similarly by Lemma 15.31 
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Lemma 5.5. Assume (B1)-(B4), then F and B defined by Ii5.2\} and Ii5.3\} satisfy (H.2_\f) 
for any A/" G N. 

Proof. For any m G N, we have by Lemma [5.41 

^ C'dlnll^ + 1) + (n))o + d^^gi; u)), 

^ CiMl + 1) + l\\u\\l^, + \\dTfiu)\\l + d:^gi;u)). 

It is similar to the proof of Lemma 15.41 that for any 6 > and some (3rn ^ 1 

k 

The proof is complete. □ 

Summarizing the above calculations, we obtain by Theorem 12.21 

Theorem 5.6. Under (B1)-(B4), for any uq G H°°, there exists a unique process u{t) G 
such that 

(i) For any m G N, the process t h-> u{t) G H™" is Tt-adapted and continuous, and for 
any T > and p ^ 2 

e( sup \\u{s)\\l] <+oo. 
\se[o,T] J 

(a) For almost all u and a// 1 ^ 0, x G R 

u{t,x) = Uq{x) + I [9^m(s, x) + (9^/(s, ^(s, x)) + (7(5, X, m(s, x))]ds 
Jo 

+ / afc(s,x,M(s,x))diy'=(s). 

I. JO 



6. Stochastic tamed 3D Navier-Stokes equation in 



In this and next sections, we shall use bold-face letters u = U2, M3), ■ ■ ■ , to denote 
the velocity fields in M^(or R^). 

Consider the following stochastic tamed 3D Navier-Stokes equation with viscosity con- 
stant z/ = 1 in R^: 



du(t) = [Au(t)-(u(t)-V)u(t) + Vp(t)-(7jv(|u(t)nu(ty 



dt 



+ X] [Vpfc(t) + hfc(t,cu,x,u(t))]diy,'= (6.1) 

fc=i 



subject to the incompressibility condition 

div(u(t)) = 0, (6.2) 

and the initial condition 

u(0) = uo, (6.3) 

18 



where p{t,x) and pk{t,x) are unknown scalar functions, > and the taming function 
qn : M"*" M"*" is a smooth function such that 

gN{r):=0, re[0,N], 
g^(r):=r-N, + 

and hfc, A; G N satisfy that 

(CI) For each A; G N and t ^ 0, x, z ^ R"^, hfc(t, x, z) are jF^-measurable. 

(CI) For every (t, cj) G M+ x and A; G N, hfc(t, cj, ■) G C°°(M3 x R^; R3), and for each 

n G No and m G N, there exist K,nm,i^n > and 6„ G L"'^(M^) such that for all 

(t, uj,x,z) eR+ X Q xR^ X R3 



and 



For m G No, set 



J2\d:dThkit,u;,x,z)\^^K^m, 

k 



e"^ := {u G W^(R3)^ : div(u) = 0}, (6.5) 

where div is taken in the sense of Schwartz distributions. The following Gagliardo- 

Nirenberg inequality will be used frequently below (cf. [5l p. 24, Theorem 9.3]): for 
r G [2, +oo] and 3(i - i) ^ m G N 



. 3(r-2) ^ 3(r-2) 



||u||l. ^ CllulU^™ ||u||o . (6.6) 

Let be the orthogonal projection operator from //^(R^)^ to E[°. It is well known 
that can be restricted to a bounded linear operator from W^(R^)^ to H™, and that 
^ commutes with the derivative operators (cf. [I3]). For any u G H*^ and v G L^(R3)'^, 
we have 

(u,v)jjo := (u, ^v)jjo = (u,v)^2. 

For u G H^, define 

£u := ^Au, (6.7) 
: -^((u-V)u)-^(^^(|u|2)u), (6.8) 
: ^(hfc(t,^,-,u)). (6.9) 

Using ^ to act on both sides of Eq. (l6.ip . we may consider the following equivalent 
equation of fl6.1l) - fl6.3p : 



F(u) 
Sfc(t,u;,u) 



du(t) = \CM{t) + F(u(t))] dt + ^ Bk{t, u(^))d^y,^ u(0) = uo. 

fc=l 

Lemma 6.1. Under the operators F and B defined by 1^6. Si) and ^6. 9) satisfy 

(HI2). 

Proof. Noting that (/ — £)^^ V,^^ and (/ — £)~2 ^ are bounded linear operators from E[° 
to H° and 

3 

^((u-V)u) = 5^9,,^(m,-u), 

i=l 
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we have by (16. 6p 

||F(u)-F(v)l|_i 
^ C||u ® u - V ® v||o + Cll^ivduHu - ^^(Iv^vllo 
^ C{\\u\\l^ + ||v|U^)||u - v||o + C{\\u\\l^ + ||v||2^)||u - v||o 
< C(||u||2 + ||v||2 + l)||u-v||o. 
Moreover, it is obvious by (C2) that 

Y,\mt,u)-B,{t,u)\\l^C\\u-^r\\l 

k 

and 

J2\\Bk{t,n)\\l^C{\\u\\l + l). 

k 

On the other hand, observing that 

(u, (u-V)u)o = ^(u,V|u|2)q = 

and 

(u,^jv(|unu)o ^ 0, 

we have 

(u,F(u))o^O. (6.10) 
Lastly, it is easy to see by (16. 6p that 

||F(u)||o ^ ||u||i^||u||i + llullie 

^ C||u||^/'-||u||;/'-||u||i + C||u||? 

^ C(||U||2+||U||?+1). 

The proof is complete. □ 

In order to check (H2_^) , we need the following Moser-type calculus inequality (cf. 
p. 294, Proposition 21.77]): 

Lemma 6.2. For any m G No, there exists a Cm > such that for any u, v G L°° fl M" 



|u ■ v||m ^ Cm 



U ■ V „ + V Loo ■ U 



(6.11) 



We now prove the following key estimate. 



Lemma 6.3. Under (C2), the operators F and B defined by i\6.8\) and i\6.9\) satisfy 
(H2j^) for anyAfe N. 

Proof. Let us first verify (12. 8p for m = 1. By Young's inequality, we have 
-(u,^((u.V)u)), ^ i||u||^ + ||(u.V)u||^ 

^ + |||u| ■ |Vu|||^, 

where 

3 3 

k=l k,i=l 
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From the expression of qn-, we also have 
-(u,^(^^(|up)u)), 



= - / d^^Uk ■ d^^{gN{\vi\^)uk)dx - / |u|^ ■ 5(Ar(|up)dx 

3 

= - /" |Vu|2.^^(|u|2)dx-^ / (7^v(|ur)|V|u|Ydx 
^ - / |Vu|2. |u|2dx + Ar||Vu||2. 

JR3 



Hence 

(u,F(u)), ^ i||u||^ + iV||u||? (6.12) 

^ ^l|u||2 + C'iv||u||o- 
For m ^ 2, by the calculus inequality (16. lip 

-(u,^((u-V)u))„ = -((/-Ar/V(/-Ar/2((u.V)u))„ 

^ ^l|u||^+i + 2||(u- V)u||2„_i 
^ + C™(||u|||^||u||,2„ + ||Vu||i^||u||^_i). 

Noting that by Agmon's inequality (cf. [S]), 

||u||i^ ^C||u||2-||u||i, 

we have 

2 2 3 3 3 

I|u|Il°°I|u|L ^ c'll^lL ■ l|u||i ^ Cm||u||^+;^ ■ ||u||j^_;^ ■ ||u||i 

and 

l|Vu||i^||u||^_l ^ (7||u||3 ■ ||u||2 ■ ||u||^_l 

- - o 

^ (^llulll • ||u||f • ||u|L_i 

3 5 

^ (^llull^+i ■ ||u||^_i. 

Thus, we get by Young's inequality 

-(u, ^((u • V)u))„ ^ ^||u||^^+i + CM'^-i- 

Let us now look at the term — (u, B^{gi^{\\i\^)\i))^^. By the calculus inequality (16.111) 
again, we have 

\\gM{\M?)Al-i ^ CM9n{\^?)\\Io. ■ Ml^, + lk^(|up)l|^_i • ||u||i^) 

and 

ll|ur||^_l < Cm\Ml^-l ■ l|u||i^. 
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Noting that for any k ^ 2 

|^JJ)(r)|=0 on r < iV and r > + 

we have 

ikiv(iuniu_i ^ c„iiiuni^_i + Cjv,™(iiu|i:^™_2 + 1), 7m > 2. 

As above, we obtain 

-(u,^(^;v(iunu))^ 

^ gl|u||^+i + 2||^;v(|unu||^_i 

^ gll^lLn+1 + C'mllull^oo ■ ||u||.^_]^ + CAr,m||u|||oo • (||u||^2 + 1) 

^ ^l|u||^+i + C7„(||u||r_i + l), 7m > 2. 
Combining the above calculations yields that for some am ^ 1 

(u, F{u))^ ^ Imi^i + CUM^r^i + !)• 

We now check (12.91) . For m = 1, we have by (NS) and (12. ip 

oo oo oo 

Y,\\^B,{t,u)\\l ^ ^||(V.h,)(t,u)||^ + ^||(9„h,)(t,u)Vu 



2 


fc=l k=l k=l 



^ C(||u||^ + l) + C||Vu||^ (6.13) 
^ C(||u||2 + 1) + C||u||2- ||u||o 
^ 5||u||^ + C(||u||^ + l). 

The higher derivatives can be calculated similarly. The proof is complete. □ 

Thus, we obtain the following main result in this section. 

Theorem 6.4. Under (CI) and (C2), for any uq G ]HI°° there exists a unique solution 
u{t) e H°° to Eq. (EJP such that 

(i) For any m G N, the process t h-» u{t) G is Tt-adapted and continuous, and for 
any T > and p^l 

E f sup ||u(s)||^ I < +00. 

\sG[0,T] ) 

(a) For almost all u and all t ^ 0, 

u(t) = uo+ / [Au(s) - ^((u(s) ■ V)u(s))]ds 



k 
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7. Stochastic 2D Navier-Stokes equation in 
Consider the following stochastic 2D Navier-Stokes equation in 



du{t) = [Au(t) - (u(t) ■ V)u(t) + Vp(t) 



dt 



oo 



fc=l 

subject to the incompressibility condition div(u(t)) = 0, and the initial condition u(0) = 
uq. As in Section 6, the functions p{t, x) and pk{t, x) are unknown scalar functions, u{t, x) 
is the velocity field in M^, and hk,k eN satisfy (CI) and (C2). 
For m G No, set 

ET := {u G W^im^f : div(u) = 0}. 

We also have the projection operator ^ from L^(]R^)^ to H°. 
Our main result in this section is that 

Theorem 7.1. Assume (CI) and (C2). For any uq G M.°° , there exists a unique solution 
u(t) G to Eq. ( [yjy swc/i i/iai 

(^zj For an?/ m G N, the process t ^ u{t) G H™" zs J-'t-adapted and continuous, and for 
some sequence of stopping times ^ oo and any T > and p ^ 2 

e( sup iiu(s)ii^) ^a,T. 

\se[0,TAT„] J 

(a) For almost all oo and all t ^ 0, 

u(t) = uo+ r[Au(s)-^((u(s)-V)u(s))]ds + V f ^{hk{s,u{s)))dW\s). 
Jo ^ Jo 

We can not directly use Theorem 12. 21 to prove this result because does not embedded 
in L°°(R^)^. We shall first consider the modified equation like (16.11) . then use stopping 
times technique to obtain the existence of smooth solutions for equation (17. ip . 

Note that the result in Section 6 also holds for 2D Navier-Stokes equation. In what 
follows, we shall use the same notations as in Section 6. The solution in Theorem 16.41 
corresponding to the tamed function (/at is denoted by uiy(t). 

Before proving Theorem 17. H we prepare the following lemma. 

Lemma 7.2. There exists a constant C > independent of N such that for any u G H^, 
2(u, F(u)), + WMs, n)\\l^ Ml + C\\u\\l ■ (1 + ||u||?) ■ (1 + ||u||^) + C. 

k 

Proof. By Young's inequality, we have 

(u, F(u))2 ^ ^||u||2 + 2||(u ■ V)u||? + 2||^^(|u|2)u||?. 

Noticing that 

||u|||4 ^ C||u||^ ■ ||u||o, ||u||^^ ^ C\\u\\l ■ \\u\\l, 

we have 

||V((u- V)u)||2 ^ 2|||u| ■ |V^u|||2-f2||Vu||^4 

^ 2||u||24. llV^ull^^ + C||u||^ ||u||2 

^ C'llullo ■ ||u||i ■ ||u||2 ■ ||u||3 + C||u||2 ■ ||u||^ 
23 



^ ^l|uy + C||u||M|u||^(l + ||u||^) 

and 

\\VM\u\')u)\\l <: c\\n\\U ■ Ml ^ c\\u\\l . Ml . Ml 

Moreover, it is easy to see by (C2) that 

Y,\ms,n)\\lKCMl-{M\l + l)+C. 

k 

The result now follows. □ 

Now we can give the proof of Theorem 17.11 
Proof. By Ito's formula, we have for any p ^ 1 



where 



Jo 

Hit) := 2p f\Ms)rj,^''\nr,{s),FMs)))^ds 
Jo 

k -^0 

00 „t 

Hit) := 2pJ2 Mis)rJr-'Hu^is),B,{s,u^{s)))^dW^ 
k=i 

00 „t 

- 2p{p-l)J2 ||u^(.)l|^^-2)|(u^(s),i?,(.,u^(.)))^|M.. 
k=i-^o 



cat) 



For m = 0, by (16.101) and taking expectations for fl7.2p . it is easy to see that for any 
T > and p ^ 1 

sup E||u;v(t)llo' + r e(\Ms)\\1^^-'^ ■ ||u^(.)||?)d. < Ct,,. (7.3) 

ie[0,T] Jo ^ ^ 

Here and after, the constant is independent of A^. 
Define 

A^(t) := Al+l|uA.(.)||?)-(l + ||u^(s)||g)d. 
Jo 

and stopping times 

:= inf{s ^ : Ajv(s) ^ t}. 
Then A^^(t) = and ^ t. Moreover, by (17. 3p we have for any T > 

lim supP(^f < T) = 0. (7.4) 
From (17.21) and using Lemma 17.21 we have for m = 2 and p = \ 

't )\\2 ^ ll"0||2 ' 



MNie^)\\l ^ MWl- Mis)\\lds + c I Mis)\\ld\N{s) 
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fO? ft 

^ lluoii^- / ||u^(s)||^d. + c / \Me^)\\lds 

Jo Jo 



Taking expectations and using Gronwall's inequality yield that for any T > 

gN 

lN\\\2 , m I / ^ Ik, ^„M|2j„ \ ^ n l|2 



sup E||u^(^f)||^ + E / ||uA.(s)l|^ds <Ct(||uo||^ + 1). 
te[o,r] \Jo J 

Using the same trick as in proving (13. 2p . we further have 

e( sup ||uA.(t)||n =e( sup ||u^(ef)||2 ) ^Ct(||uo||^ + 1). 



Set for iV > 1 



Then for any T > 



Tat := inf < t ^ : sup |ujv(t, x)| ^ > 



lim ¥{tn ^ 9^) = lim P sup sup \uN{t,x)\ ^ Vn 



iV— »oo N^oo 



^ lim P sup ||uiv(t)||2 ^ Vn 
\te[o,ef] 

^ lim E I sup ||u^(t)||^ ) /N 

^-"^ \te[o,e^] J 

<: lim CT(||uo||^ + l)/Ar = 0. (7.5) 

N—*QO 

On the other hand, it is clear that satisfy Eq. fl7.ip on [0, tn]. By the uniqueness of 
solution to Eq. (l7.ip . we know that 



tn^tn+i, P-a.s.. 

Noting that for any M,N,T >0 

F{tn <M) = ¥{tn < M;e^ < M) + F{tn < M-O^ ^ M) 
^ ¥{e^ < M) +P(r^ ^ e^), 

we have by fl7.4p and fl7.5p 



which means that 



lim P(riv < M) = 0, 

JV— >oo 



lim Tat = oo, P — a.s.. 

N~*oo 



The whole proof is complete. □ 
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